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Our main aim is to show that for every E > 0 and k E N there is an n(e, k) such 
that if T is a tournament of order n > n(e, k) and in T every vertex has indegree at 
least ($ +a)n and at most (i-&)n then T contains the kth power of a Hamilton 
cycle. 6 1990 Academic Press, Inc 
One of the prominent conjectures concerning tournaments is due to 
Kelly: every regular tournament is the edge disjoint union of some 
Hamilton cycles. At the moment we seem to be very far from a proof of this 
conjecture. However, Jackson [4] proved that every regular tournament of 
order at least 5 contains a Hamilton cycle and a Hamilton path edge 
disjoint from the Hamilton cycle. Thomassen [S] showed that a regular 
tournament of order n contains at least (n/1000)1’2 edge disjoint Hamilton 
cycles. This last result was improved by Haggkvist [3] to the following: 
there is a positive constant c (in fact ca 2-18) such that every regular 
tournament of order n contains at least cn edge disjoint Hamilton cycles. 
We shall show that even tournaments rather far from being regular 
contain “thick” Hamilton cycles, i.e., high powers of Hamilton cycles. Let 
m E N and n = 2(2m + 1). Let T, and T, be vertex disjoint regular 
tournaments of order 2m + 1 and let T be the tournament obtained from 
T1 u T2 by adding all edges from T, to T2. Then in T every vertex has 
indegree at least m-n/4 and outdegree at least m-n/4 but T does not 
contain a Hamilton cycle. We shall show that if in a tournament of order 
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n every vertex has indegree at least (i + .s)n and outdegree at least (b+ .s)n 
then the tournament contains the k th power of a Hamilton cycle, provided 
n is sufficiently large, depending on E and k. 
Throughout the paper we use standard terminology and notation. In 
particular, r’(x) is the set of vertices dominated by x, T-(x) is the set of 
vertices dominating x, d+(x) = lr’(x)l is the outdegree of x, and d-(x) = 
[r-(x)1 is the indegree of x. Furthermore, the kth power Hk of a Hamilton 
cycle H is the oriented graph with vertex set V(H) in which there is an edge 
from x to y iff the unique (directed) x-y path in H has length at most k. 
In the proof of our main theorem we shall need two simple lemmas. The 
first is a variant of the Random Selection Lemma (see [l, p. 3371). 
LEMMA 1. Let k and m be natural numbers, k <m. Then there is 
a natural number s = s(k, m) with the following property. Suppose 
A,, A,, . . . . A,, B,, 4, . . . . B, are subsets of a finite set X, 1x1 = n, and 
min{lA,I, IBil} >n/4, i= 1,2, . . . . s. Then there is a set MC { 1,2, . . . . s} such 
that IMI =m and rfKcM, IKI =k, then 
and 
Proof: By [ 1, p. 337, Lemma 6.3.51 there is an integer p = N(k, m) such 
that if s >p then for some m-set A4 of { 1,2, . . . . s} we have 
I I 
i?, Ai 3 2-2k-‘n 
for every k-set K of A4. By the same lemma, if s = N(k, p) then for some 
p-subset P of ( 1,2, . . . . s> we have 
I I 
n Bi >2-2k-1n 
ieK 
for every k-set K of P. Then by the choice of p the set P contains an m-set 
M such that 
holds for every k-set K of M. 1 
LEMMA 2. Every tournament of order 2”-’ contains a transitive sub- 
tournament of order m. 
Proof. Let us apply induction on m. For m = 1 there is nothing to 
prove so suppose m > 1 and the assertion holds for smaller values of m. Let 
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T be a tournament of order 2”- ‘. Let x be a vertex of T. Since 
d+(x)+&(x)=2”-‘-1, we may assume that d+(x)a2+*. By the 
induction hypothesis the subtournament spanned by r+(x), the set of 
vertices dominated by x, has a transitive subtournament of order m - 1. 
Since x dominates every vertex of this subtournament, T does have a 
transitive subtournament of order m. 1 
THEOREM 3. For every E > 0 and ke N there is an n(&, k) E N with the 
following property. Let T be a tournament of order n > n(&, k) such that 
d+(x)a(b+E)n and d-(x)3(i+&)nfor every vertex x. Then T contains 
the k th power of a Hamilton cycle. 
Proof: Let T be a tournament of order n satisfying d+(x) 2 (i+ E)n 
and d-(x) > (a + s)n. We shall show that if n is sufficiently large then, for 
some order of the vertices, T contains the kth power of the Hamilton cycle 
determined by the order. 
In what follows we claim that the assertions hold if n is sufficiently large. 
It will be clear that all the assertions hold simultaneously if n is larger than 
a constant n(E, k). We shall write c,(a, b, . ..). ~,(a, b, . ..) for real numbers 
depending only on a, b, . . . . 
We may assume without loss of generality that E < 2 2k ~ *. Denote by V 
the vertex set of T. Call a k-set K of V red’if 
Let m be a large natural number, to be specified later, depending only 
on k and E. Set c, = c,(k, m) =s(k, 2”‘). Then, since 2.5 < 2-2kP1, by 
Lemma 1 every c,-set of V contains a 2”-set, all whose k-subsets are red. 
By Lemma 2 every 2”-set of V contains an m-set spanning a transitive 
tournament. Therefore every c,-set of V contains an m-set which spans a 
transitive tournament and all whose k-sets are red. In the sequel we shall 
suppose that n is large enough to satisfy n > mc,(k, m). 
We claim that V can be partitioned as 
V= V,u V,u ... v V,uR, (1) 
where IRJ < ci and for each i, i = 1, . . . . s, the set Vi consists of m vertices, 
spans a transitive subtournament, and all its k-sets are red. 
To see the existence of such a partition, suppose we have found 
Vl 3 v2, .-., Vi with the required properties. If 1 V - Uf= i Vi ( < c,, put s = j 
and R = V - IJ {= , Vi. Otherwise V = lJ {= i Vi contains an m-set spanning a 
transitive tournament all whose k-sets are red. Choose such a k-set for 
vj+l. 
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In order to obtain the kth power of a Hamilton cycle, we shall replace 
the partition (1) by a partition rather similar to (l), in which R, the 
“remainder set,” is empty. Then we shall string up parts of the transitive 
tournaments to form the required power. 
The transitive tournament spanned by Vi orders the vertices of Vi. Let 
Ki be the set of the k largest vertices of Vi and let Li be the set of the k 
smallest vertices of Vi. Thus all Ki - Li edges go from Ki to Li. Put Wi = 
Vi -K, u Li, R = {x1, x2, . . . . x,}. 
We shall change the partition V= V, u Vz u . . . u Vj u R into the 
required partition step by step, decreasing the size of the remainder set by 
one at each step. Set 
W(i, 1) = wi, i = 1, 2, ...t s. 
Let us assume that for some j, 1 < j < r, we have defined sets W( 1, j), 
w2, j), . . . . Wb,.i), KS+,, K,,z, . . . . Kx+j-1 and L,+l, Ls+2, -., L+j--l 
such that 
(a) the union of all these sets is uI=, W,, 
(b) W(i, j)c W(i, l)= W,, i= 1, . . . . s, 
(c) the sets K,, KZ, . . . . Ks+j- i, L,, Lz, . . . . L,+,-, are disjoint red 
k-sets spanning transitive tournaments such that K, + i u {xi} n L, + i is also 
a transitive tournament, with K, + i the set of k largest vertices and L, + i the 
set of k smallest vertices. 
An easy bound on the Zarankiewicz function (see [l, p. 310, 
Theorem 2.21) implies that for every do N and 6 > 0 there is a natural 
number cz(d, S) such that if 6, > c2(d, 6), bz 2 c,(d, 6) and a b, by bt bipar- 
tite graph has at least 6bl b2 edges then it contains a K(d, d), a complete 
bipartite graph with d vertices in each class. Set I= c,(k, E) and for 1 6 id s 
Put 
z; = 
W(i, j)nr+(Xj) if the intersection has at least 1 elements, 
1213 otherwise. 
Define Z,? analogously. Then with Z,? = us= i Z,; and 2,: = Us, I 2,; we 
have 
IZ,‘I 2 IT+(x~)( -2sk-sl-(2k+ l)j> Ir+(Xj)l-3(s+r)k-sl. 
Let us assume that m is large enough to satisfy 
m > 8(8k + c,(k, E))/E, 
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so that 
8(s+r)k+Zsc,(k,&)<S 
,< 16 n k + 2 n c,(k, E) < 3 n. 
m m 
Then 
lZ,+ > Ir+(x,)l-3(s+r)k-sl> 1,~ n-%- 
(4 ) 8 -(t++ 
and similarly 
Furthermore, 
IZ,’ uZJ an- 1-4(s+r)k-2sf-(2k+ 1)r 
Bn-8(s+r)k-2sl> 1 -f n. 
( 1 
(2) 
Denote by e(A, B) the number of edges from a set A to a set B. Since 
every vertex has indegree at least (i + ~)n, on estimating the sum of the 
indegrees of the vertices in Z,?, by (2) we find that 
~lZ~l”+f&nIZi+l+e(Z,~,Z~)~(~+~)nlZ~I. (3) 
The first term on the left is an upper bound on the number of Z,? -Z,? 
edges and the second term bounds the number of (V-Z,’ u Z,: )-Z,? 
edges. Similarly, arguing with outdegrees, we find that 
$IZ,~12+$cnlZ,:l +e(Z,:,Z~)>($+&)nlZ,:I. (4) 
Set Zj = min{ lZ,+ I, IZ,: I }. Then inequalities (3) and (4) imply that 
e(z,~,z,~)~(~+&)~Zj-~&~Z,-~Z~~Zj((~+&)~-~$E~-~Zj) 
22, ~&rl>&IZ,J IZJ. 
This inequality implies that there are sets Z,; , Z,?j with 
e(Z,; , Z,?j) > EIZ~; I IZ,Tjl. 
Since I-Z,; I Z I and lZfjl Z 1, our choice of I guarantees that there are 
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k-sets KS + j c Z,; and L,,, c Z,T~ such that each vertex of Ks,j dominates 
each vertex of L,+i. Hence Ks+j u {x, } u L,+j is a transitive tournament 
of order 2k + 1, with KS+, the set of the k largest vertices and L,,, the set 
of the k smallest vertices. Furthermore, the sets KS + j, L, + j are red. Finally, 
for i=l,2,...,s, put W(i,j+l)= W(i,j)\K,+juL,+j. (Note that 
W( i, j + 1) # W(i, j) for at most two indices i.) 
The sets we have just constructed satisfy the conditions (a), (b), and (c) 
with j replaced by j+ 1. Hence we can construct sets satisfying (a), (b), and 
(c) for j = r. Put 
Ui = K, u W(i, r) u Li, 
Us+i=Ks+iU {xi) ULs+i, 
Then we have a partition of I’, 
i = 1, 2, . . . . s, 
i = 1, 2, . . . . r. 
v=u,uu,v ... uut, 
where t = s + r d 2n/m, each of the sets Ui has at least 2k vertices and spans 
a transitive tournament, Each of these transitive tournaments is such that 
both Ki, the k-set formed by the k largest vertices, and Li, the k-set formed 
by the k smallest vertices, are red k-sets. For simplicity we define 
U t+l=Ul, K,+l=Kl, and L,+I=L. 
We have come to the final phase of our proof: we shall show that these 
transitive tournaments can be “strung together” to contain the kth power 
of a Hamilton cycle. In a rather pleasant case we may find that each vertex 
of Li dominates each vertex of Ki+ , , i = 1,2, . . . . t. Then the linear order of 
the vertices defined by x > y if either x E Ui, y E Uj and 1 d i < j < t, or else 
x, y E Ui and x dominates y, determines a Hamilton cycle whose kth power 
is contained in our tournament T. In the general case we shall have to 
work a little to join Li to Ki+ 1 by an appropriate “thick path,” that is by 
the kth power of a path beginning with Li and ending with Ki+ , . 
Set Do = (U i K;) u (lJ i Li). Note that IDo1 = 2kt. We shall construct sets 
D,c D, c . . . c D, and disjoint “thick paths” joining L, to K2, L, to 
K 3, . . . . L, to K, L = K1, such that IDi 1 < 2kt + ik/c, i = 0, 1, . . . . t, and Di 
contains the vertex sets of the “thick paths” joining Lj to Kj+ 1 for j< i. 
Suppose we have constructed Die r, i > 1. Note that 
(Dip ,( 6 2kt + ktjs < 2kt/c -c 4kn/(cm) -c c2n, 
provided 
an inequality we shall assume. 
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Set 
Then 
I MO1 2 2&n - E*n > En. 
Suppose we have constructed disjoint sets M,, M,, . . . . A4, such that fij = 
Uir;=, Mh satisfies 
Define 
A4 ,+1= {XE V-Dip, ufij: (r-(x)nli;i,I >~~1i?l}. 
Let us bound from above the sum of the outdegrees of the vertices in a,. 
Avertexnotin~@~uD~-~uM~+~ 
in A,, so 
is dominated by at most s21fijl vertices 
C df(x)6nE21&jI + (IMj+ll + lDi-lI)lfijl + I~@jl*/2. 
x,fi, 
On the other hand, the sum of the outdegrees is at least (a + c)nlfijI. 
Therefore 
lMj+lj >n/4+u-&-jD,-,j - Ifijl/2Zn/4+m/2- jfijj/2. (5) 
Hence with fij+ I = fij u M, + r we have 
li@j+ll >n/4+m/2+(n/2-2pjp’n+m)/2=n/2-2pJ-2n+m (6) 
Define q = min(i: Ifi, 2 (n/2)( 1 + E)}. The construction above shows 
that M,, M,, . . . . M, are disjoint subsets of V\Dip 1 such that 
(i) every vertex of MO is dominated by every vertex of Li, 
(ii) every vertex of Mj+, (j=O, 1, . . . . q- 1) is dominated by at least 
.s21Mj I vertices of M,, 
(iii) lMil 2 m/4, i= 0, 1, . . . . q, 
(iv) 6 r10g2wi. 
The first claim is trivial and (iv) follows from (6). Note that if x E Mj+ 1 
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then x#fij so lrP(x)nfij-,I <s21fij-,I. Hence Ir-(~)n(M~ufi~-~)l 
2 E’lMjU fij- iI implies IT-(x) n A4,I > s21Mjl, as claimed by (ii). 
Furthermore, (M,J > sn and by (5), for j < q we have I Mj + I 1 > m/4, so (iii) 
holds. 
By reversing the orientation of the edges we find that there are disjoint 
subsets of V\Dj-,: N,, N,, . . . . N,, such that 
(i) every vertex of N, dominates every vertex of Ki+ i, 
(ii) every vertex of N- ,+ , (i = 0, 1, . . . . q’ - 1) dominates at least s21Nj I 
vertices of N,, 
(iii) I Nj I 2 m/4, i = 0, 1, . . . . q’, 
(iv) 9’< rlog2w4i, 
(V) IV:’ Nil a (n/2)(1 +&I. 
We shall again make use of the function c,(d, 6) defined earlier. Let 
z0 = 2k and zj = c2(ziP,, Ed) for j > 0. Since 
there are indices a and b, O<a<q, 0 6 bdq’, such that 
IM,n Nbl >m/(q+ l)(q’+ l)>sn/(rlog(l/s)l+ l)‘=yn. 
Consequently if n is sufficiently large then by the definition of the sets 
Ma, Ma- 1, . . . . M, we can find sets MbcM,nNNb, Mb-,cM, -,,..., 
Mb c M, such that 
IMh-jl =Z~+I-,T j=O, 1 2 . . . . a, 
and every vertex of Mi is dominated by every vertex of Mj- I,j= 1,2, . . . . a. 
To find these sets, first we find M: c M, n Nb and MI:- i c Mu- I such that 
lMbl= PC-,I =zq+l and every vertex of MI-, dominates every vertex of 
M:. This can be done since every vertex of M, n N, is dominated by at 
least .s21M, _ I I vertices of M, _, and, if n is sufficiently large, 
Yn~c2(z,+,,E2) and m/4 2 c2(zy + , , E*). 
Then we find Mh-,cMIp, and M:‘-,cM,-~ such that IM:_,l= 
I MI _ 2 I = zq and every vertex of Mk _ 2 dominates every vertex of ML ~ , , 
and so on. 
In a similar way we can find Nb c Mb, Nh-, c N,-, , . . . . N& c N, such 
that (Uj:d Ni) n (uq:d Mj) = @, 
INL,l =zg-j, j=O, 1, . . . . 6, 
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and every vertex of N,! dominates every vertex of Ni _ , , j = 1, 2, . . . . b. Note 
that Nb is chosen to be a subset of ML, the set found above. 
The sequence Mb, M’, , . . . . IV:-, , Nb, Nh-, , . . . . N’, , Nb consists of dis- 
joints subsets of V-Dip, such that each set has at least 2k vertices and 
every vertex of a set dominates every vertex of the next set in the sequence. 
By Lemma 2 we can find k-sets P, c Mb, P, c M’, , . . . . Pup, c ML ~, , 
f=u~Nb,...,P,+b-IcN;, Po+t,~Nb, such that each set Pi spans a trans- 
itive tournament. 
Consider the set L, u P, u P, u . u P, + b u Ki+ , . The order induced 
by the order of the summands and transitive tournaments on the sum- 
mands determines a directed path Q, whose kth power Q: is contained in 
the tournament T. The “thick path” we have been looking for is Qf. 
Define Di = DipI u V(Q). Then 
IDil 6 IDi- +(a+b+ l)k< lD;-jl+(2q+ l)k<2kt+ik/E, 
as required. Hence we can find vertex disjoint directed paths Q, , Q2, . . . . Q, 
such that the tournament T contains Q; for every i, i= 1, . . . . t, and Qj is 
such that V(Li) is the set of first k vertices of Qi and V( Ki+ ,) is the set of 
last k vertices of Q;. Finally, let Q: be the unique directed path formed by 
all the vertices in Ui- U:=, Q, = Ui- D,. Then the concatination of the 
paths Q’1, Q,, Qi, Q2, -, Q:, Ql forms a Hamilton cycle H whose kth 
power is contained in the tournament T. This completes our proof. 1 
Let us call a tournament T omnipresent if for some n(T) E N every 
regular tournament of order n 3 n(T) contains (a subtournament 
isomorphic to) T. Our next aim is to characterise omnipresent tour- 
naments. Denote by T(n,, n,, nz) a tournament whose vertex set has a par- 
tition V0 u V, u V, such that I Vi 1 = ni, 0 6 i 6 2, each V, spans a transitive 
subtournament and every vertex of Vi dominates every vertex of V,, , , 
i = 0, 1,2, where V, is defined to be V,. 
THEOREM 4. A tournament T is omnipresent iff Tr T(n,, n,, nz) for 
some n,, n,, and n,. 
Proof: (i) Let m E N. We shall show that if n= 2k+ 1 is sufficiently 
large then every regular tournament of sufficiently large order contains 
Th m, m). 
Let T be a regular tournament of order n = 2k + 1. The regularity of T 
implies that every vertex of T is in k(k + 1)/2 directed triangles. Hence T 
contains k(k + 1)(2k + 1)/6 > b( ;) directed triangles. 
A special case of a result of Erdiis [2] states that there is an E = c(m) > 0 
such that every 3-graph of order n and size n3-’ contains three disjoint sets 
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of vertices IV’,, W,, W2 such that 1 W,l = ( W, 1 = 1 W,l = 2” and the graph 
contains all triples that meet each W;. Hence if n is large enough to satisfy 
1 n 
n3--f>- 
0 4 3 
then there are disjoint sets of vertices W,, W, , W, such that I W,l = I W, I = 
I W,l = 2” and all triangles meeting each W, are directed cycles. Conse- 
quently we may assume without loss of generality that every vertex of W, 
dominates every vertex of W,, 1, where W, = W,,. Finally, by Lemma 2 
there are sets V, c W,, 1 V,I = m, i = 0, 1, 2, such that each Vi spans a trans- 
itive subtournament of T. Thus T contains T(m, m, m). 
(ii) It will suffice to consider tournaments contained in two large 
regular tournaments. Let T,(n) be the regular tournament whose vertex set 
is iz; = Z, x . . . x Z, and in which (a,, a,, . . . . a,,) dominates (b,, hz, . . . . h,) 
iff for some y, 1 dr<n, we have a;=b,, i= 1, . . . . r- 1, and b,=a,+ 1. The 
other regular tournament we need is H”, the kth power of a Hamilton 
cycle of order 2k + 1. Note that in Hk the set of vertices dominating a 
vertex or dominated by a vertex spans a transitive subtournament. 
Let T be a subtournament of both T,(n) and Hk. We may assume that 
n is the smallest value for which T,(n) contains T. Let Vi (i = 0, 1, 2) be the 
set of vertices of T of the form (i. a,, a3, . . . . a,). Then V(T) = V, u V, u V2 
and at most one of the sets Vi is empty. 
Suppose x,, E V, and x1 E I/, . Then r + (x0) = V, , r + (xi ) = V, and 
rP (xi ) = V,. Consequently, since T is also a subtournament of Hk, each 
of the sets Vi spans a transitive tournament. Thus Tz T(n,, n,, nz) where 
ni=IVjI, i=O, 1,2. 1 
Addendum (September 1, 1988). Since the submission of this paper, 
one of the authors (RH) has proved Kelly’s conjecture. The result has been 
announced at several meetings and a full manuscript is expected in the near 
future. 
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